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Exercise 1

If r is the instantaneous position vector for a particle, show that the velocity and acceleration of
the particle are given by (use Eq. A.7-2):

v =
d

dt
r = δrṙ + δθrθ̇ + δz ż (A.7-34)

a = δr(r̈ − rθ̇2) + δθ(rθ̈ + 2ṙθ̇) + δz z̈ (A.7-35)

in cylindrical coordinates. The dots indicate time derivatives of the coordinates.

Solution

If r represents the position vector, then we have

r = xδx + yδy + zδz

to start with. Change to polar coordinates by making the substitutions, x = r cos θ and y = r sin θ
and z = z. As a result, the unit vectors become

δx = cos θδr − sin θδθ

δy = sin θδr + cos θδθ

δz = δz,

and we get

r = r cos θ(cos θδr − sin θδθ) + r sin θ(sin θδr + cos θδθ) + zδz

= δr(r cos
2 θ + r sin2 θ) + δθ(−((((((

r sin θ cos θ +((((((
r sin θ cos θ) + zδz

= rδr + zδz.

Now that we have the position vector in polar coordinates, we’re ready to take the time derivative
of it.

dr

dt
=

d

dt
(rδr + zδz)

=
d

dt
(rδr) +

d

dt
(zδz)

=
dr

dt
δr + r

dδr
dt

+
dz

dt
δz + z

dδz
dt

Eq. A.7-2 gives the partial derivatives with respect to θ of the unit vectors in cylindrical
coordinates,

∂δr
∂θ

= δθ
∂δθ
∂θ

= −δr
∂δz
∂θ

= 0. (A.7-2)

We can use the chain rule to make use of these.

dr

dt
=
dr

dt
δr + r

dθ

dt

∂δr
∂θ

+
dz

dt
δz + z

dθ

dt

∂δz
∂θ

=
dr

dt
δr + r

dθ

dt
(δθ) +

dz

dt
δz + z

dθ

dt
(0)
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Therefore,

v =
d

dt
r = δrṙ + δθrθ̇ + δz ż.

Take a second derivative to obtain the acceleration vector.

a =
d

dt
v

=
d

dt

(
dr

dt
δr + r

dθ

dt
δθ +

dz

dt
δz

)
=

d

dt

(
dr

dt
δr

)
+
d

dt

(
r
dθ

dt
δθ

)
+
d

dt

(
dz

dt
δz

)
=
d2r

dt2
δr +

dr

dt

dδr
dt

+
dr

dt

dθ

dt
δθ + r

d2θ

dt2
δθ + r

dθ

dt

dδθ
dt

+
d2z

dt2
δz +

dz

dt

dδz
dt

Use the chain rule in order to use the relations in Eq. A.7-2.

=
d2r

dt2
δr +

dr

dt

dθ

dt

∂δr
∂θ

+
dr

dt

dθ

dt
δθ + r

d2θ

dt2
δθ + r

dθ

dt

dθ

dt

∂δθ
∂θ

+
d2z

dt2
δz +

dz

dt

dθ

dt

∂δz
∂θ

Now we can use them.

=
d2r

dt2
δr +

dr

dt

dθ

dt
(δθ) +

dr

dt

dθ

dt
δθ + r

d2θ

dt2
δθ + r

dθ

dt

dθ

dt
(−δr) +

d2z

dt2
δz +

dz

dt

dθ

dt
(0)

Factor the unit vectors.

= δr

(
d2r

dt2
− r

dθ

dt

dθ

dt

)
+ δθ

(
dr

dt

dθ

dt
+
dr

dt

dθ

dt
+ r

d2θ

dt2

)
+
d2z

dt2
δz

Therefore,
a = δr(r̈ − rθ̇2) + δθ(rθ̈ + 2ṙθ̇) + δz z̈.
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